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Contributions

» Solving larger class of constraint optimization problems

* More efficient generation of dominance breaking constraints
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Dominance Breaking

 Dominance Breaking is a useful technigue for solving COPs.

max 4x; + x, + 10x; + 2x,
S.1. 12)61 + X2 + 4X3 + X4 S 5

x; € 10,1} fori=1,....4

Xy < Xyg, X1 S X3

Capacity: 5 kg Dominance breaking constraints




Dominance Breaking

 Dominance Breaking is a useful technique for solving COPs.
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Automatic Dominance Breaking

Restrict to nogood constraints only!

(4) aug ment constraint x[35] <= x[11];
constraint x[10] <= x[17];

constraint x[12] <= x[19];
constraint X[9] <= x[19];

Improved
Model

(1) build & SO

Dominance breaking constraints

(3) generate

GIA

solver

Dominance (2) solve

breaking constraint
generation CSP
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Automatic Dominance Breaking

(4) augment x[2] = 1 V x[3] != 0;
x[5] 1= 0 V/ x[8] != 1;

Improved
Model

(1) build & SO

Dominance breaking nogoods

I(S) generate

Dominance [((@ ( \
breaking constraint
g v

generation CSP

solver
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Automatic Dominance Breaking

How to build the Viogel

generation CSP
| ? (5
automatically*: ) oy

(4) augment x[2] = 1 V x[3] != 0;
x[5] 1= 0 V/ x[8] != 1;

Dominance breaking nogoods

I(S) generate

What to search? D_Ommance : ’ ‘
breaking constraint
What constraints? .

generation CSP

solver
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Automatic Dominance Breaking

@ -~

X; € {O,l}fOl’iZ 1,...,4 Capacity: 5 kg

H:{X2=O,X4:1} 9,={X2=1,X4:O}

* What to search? max 4x; + x, + 10x; + 2x,
* Pairs of partial assignments

S.1. 12)61 + XZ —+ 4X3 +X4 S 5

« What constraints?

X3 X2 x4 x1 X3
0 1 0 0 0
S ((9) 1 1 0 0 1
0 1 0 1 0
1 1 0 1 1
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Automatic Dominance Breaking

Search Space

c:5(00) — 5(0)

0.

S5(0)

Because @’ is worse than 6(5”)

0’ cannot be optimal

0’ is worse than o(0") if:

. :{> 6(0") dominates 0’ (6(0") < 0')

Betterment



Automatic Dominance Breaking

« What constraints?

9/={X2=1,X4=O}
equivalent

negation l

Dominance Breaking Nogood

0=1{x,=0,x,=1}

X3

- O | = O

®)

max 4x; + x, + 10x; + 2x,

S.t. 12X1 ~+ x2 + 4X3 + X4 S 5
v € {01} fori=1,..4

0={x,=1,x,=0]}



Automatic Dominance Breaking

« What constraints? @

HZ{XZZO,X4=1} Q/Z{X2=1,X4=O}

max 4x; + x, + 10x; + 2x,

S.t. 12X1 ~+ x2 ~+ 4X3 + X4 S 5
v € {01} fori=1,..4

Theorem: X3

if VO' € S(@) s.t. 6(0) <0,

then we can add —@' to P

- O | = O




Automatic Dominance Breaking

. What constraints?  Implied satisfaction concerns each

constraint in the problem model

Want to show : VO’ € S(@), « Betterment concerns the objective in the

 Implied satisfaction: problem model

0’ solution = ¢(8’) solution

 Betterment:
fo()) is better than () checkable (EC) objectives and constraints

» Sufficient conditions for efficiently

Constraints for (6, 8") !
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EC Objectives and Constraints

 Domain constraints
» Separable objectives * Boolean disjunction constraints
* Linear Inequality constraints

o Alldifferent constraints
* Maximum objectives e Circuit constraints

 Submodular set objectives

* Counting family constraints
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nt: n; 90 number of 1items

int: W; % knapsack capacity

array [1.n] of int: w; % weight of each item
array [1..n] of int: v; % value of each item
int: k; % length of nogoods

Modelling

nt: n; 90 number of 1tems

int: W; % knapsack capacity

array [1..n] of int: w; % weight of each item
array [1..n] of int: v; % value of each item

array [1.k] of var 1..n: F; % indices for fixed variable
array [1..k] of var O0..1: v1; % fixed value for \theta
array [1..k] of var O0..1: v2; % fixed value for \theta'
constraint increasing(F); % symmetry breaking

array [1..n] of var 0..1: x; . o . .
% constraint tor implied satistaction

% constraint constraint sum(t in 1..k)( w[F[t]] * v1[t])

constraint sum (i in 1..n) (W[i]*x[i]) <= W; <= sum(t in 1.K)( wlF[t]] * v2[t] );

% constraint for betterment

% objective . .
constraint sum(t in 1..k)( v[F[t]] * v1[t])

solve maximize sum (i in 1..n) (V[i]*x[i]); — T

>sum(tin 1..k)( v[F[t]] * v2[t] );

Problem Model Generation CSP Model
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Modelling

Three Orders of magnitude improvement!
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* Non-Efficiently Checkable Constraints



Non-Efficiently Checkable Constraints

nt: n; 90 number of 1tems

int: W; % knapsack capacity

array [1..n] of int: w; % weight of each item
array [1..n] of int: v; % value of each item

All constraints are
efficiently checkable

array [1..n] of var 0..1: x;

% constraint
constraint sum (1 1 1..n) (w[1]*x][1]) <= W;

constraint x[1] = 1 Ax[3] =0 -> talse; A non-EC constraint

% objective
solve maximize sum (1 1n 1..n) (v[1]*x[1]);

Problem Model
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Non-Efficiently Checkable Constraints

nt: n; 90 number of 1tems

int: W; % knapsack capacity

array [1..n] of int: w; % weight of each item
array [1..n] of int: v; % value of each item

array [1..n] of var 0..1: x;

% constraint
constraint sum (1 1 1..n) (w[1]*x][1]) <= W;

constraint x[1] = 1 Ax[3] =0 -> false; =— var(c) = {xl, x3}

% objective
solve maximize sum (1 1n 1..n) (v[1]*x[1]);

Problem Model
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Non-Efficiently Checkable Constraints

Int: n; % number of items C, .. the set of non-EC constraints
int: W; % knapsack capacity

array [1..n] of int: w; % weight of each item

array :ln] of 1nt: vV, 9 value of each item COnStralntS In the generatlon CSP

array [1..n] of var 0..1: x;

% constraint
constraint sum (1 1 1..n) (w[1]*x][1]) <= W;

- Vce (C,,.s.t.var(0) Nvar(c) = @
constraint X[1] =1 A x[3] =0 -> false;

% objective
solve maximize sum (1 1n 1..n) (v[1]*x[1]);

Problem Model
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Non-Efficiently Checkable Constraints

Int: n; % number of items C, ..: the set of non-EC constraints
int: W; % knapsack capacity

array [1..n] of int: w; % weight of each item

array [ln] of 1nt: vV, % value of each item COnStralntS In the generatlon CSP

array [1..n] of var 0..1: x;

90 constraint
constraint sum (1 1n 1..n) (w[1]*x][1]) <= W;

traint x[1] = 1 A x[3] = 0 -> false: theorem:
CONSHAME R = DAXST =1 16 if var(0) N var(c) = @, then (0, 0’)
% objective satisfies implied satisfaction for ¢

solve maximize sum (1 1n 1..n) (v[1]*x[1]);

Problem Model
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Non-Efficiently Checkable Constraints

nt: n; 90 number of 1tems
int: W; % knapsack capacity * Useful only if the scope of the non-
array [1..n] of int: w; % weight of each item

array [1..n] of int: v; % value of each item EC constraint is relatively small

array [1..n] of var 0..1: x; e Side constraints that involves

0 . several variables
o constraint

constraint sum (1 1n 1..n) (w[1]*x][1]) <= W;
e Enable automatic dominance

constraint x[1] =1 A x[3] =0 -> false; breaking on a larger class of

% objective problems
solve maximize sum (1 1n 1..n) (v[1]*x[1]);

Problem Model
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e Common Assignment Elimination



Motivation

Redundant Nogoods!

(4) augment x[2] '=1 V x[3] != 0;
— x[5] =0V x[8] !=1;

Improved

\Y;[oYo [}

Dominance breaking nogoods

(1) build

Dominance

breaking constraint
generation CSP

Too time-consuming!
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Common Assignment Elimination

max 4x; +x, + 10x; + 2x,

S.1. 12.X1 + XZ + 4X3 +X4 S 5

<:I _Xie{o’l}fori=1,...,4
= O£

=(x#1Vx,#0)

Capacity: 5 kg

How to avoid generating ¢;? Cr = €

Adding more constraints!



Common Assignment Elimination

Generation CSP e var(0) = var(0’)
. VO € S(0) st o(0) <6

. @' solution = (') solution

HIZ{X2=O,X4=1,X3=1
0 = {x,=1,x,=0,|x;, = 1} ———————>
0, < 0; | Derive mplies 6, < 0;?  Derive

L — ="0=x#1Vvx #0)

(Generate

Redundant
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Common Assignment Elimination

Generation CSP » var(0) = var(0)
. VO € S(@)st.o(@) <6
. @' solution = (') solution

. f(6(0")) is better than (")

i=1)&fdnd

0,<6,? ; Derive

="0=x#1Vvx #0)



Commonly Eliminable Assignments

Common Assignments Objectives / Constraints

 Submodular set objectives

* Boolean disjunction constraint

* Separable objectives

 Domain constraint
X = v for any value v
* Linear Inequality constraint

e Alldifferent constraint
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Modelling

nt: n; 90 number of 1tems

int: W; % knapsack capacity

array [1..n] of int: w; % weight of each item
array [1..n] of int: v; % value of each item

array [1..n] of var 0..1: x;

90 non-EC constraint
constraint x[3] =1V x[1] !=0;

% EC constraint
constraint sum (1 1n 1..n) (w[1]*x][1]) <= W;

% objective
solve maximize sum (1 1n 1..n) (v[1]*x][1]);

Problem Model

% problem parameters

int: k; % length of partial assignments

array [1.k] of var 1..n: F; % indices for fixed variable
array [1..k] of var O0..1: v1; % fixed value for \theta
array [1..k] of var O0..1: v2; % fixed value for \theta'

constraint increasing(F); % symmetry breaking

% constraint for implied satisfaction and betterment

Generation CSP Model
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Modelling

nt: n; 90 number of 1tems

int: W; % knapsack capacity

array [1..n] of int: w; % weight of each item
array [1..n] of int: v; % value of each item

array [1..n] of var 0..1: x;

% non-EC constraint

constraint x[3] 1= 1V x[1]1=0; —— |

% EC constraint
constraint sum (1 1n 1..n) (w[1]*x][1]) <= W;

% objective
solve maximize sum (1 1n 1..n) (v[1]*x][1]);

Problem Model

% problem parameters

int: k; % length of partial assignments

array [1.k] of var 1..n: F; % indices for fixed variable
array [1..k] of var O0..1: v1; % fixed value for \theta
array [1..k] of var O0..1: v2; % fixed value for \theta'
constraint increasing(F); % symmetry breaking

% constraint for implied satisfaction and betterment

% handling non-EC constraint
constraint formal (11n 1.k) (F[1] =3V F[I] !=1);

Generation CSP Model
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Modelling

nt: n; 90 number of 1tems

int: W; % knapsack capacity

array [1..n] of int: w; % weight of each item
array [1..n] of int: v; % value of each item

array [1..n] of var 0..1: x;

% non-EC constraint
constraint x[3] 1= 1V x[1]1=0; —— |

% EC constraint
constraint sum (1 1n 1..n) (w[1]*x][1]) <= W;

\
% objective /

solve maximize sum (1 1n 1..n) (v[1]*x][1]);

Problem Model

% problem parameters
int: k; % length of partial assignments

array [1.k] of var 1..n: F; % indices for fixed variable
array [1..k] of var O0..1: v1; % fixed value for \theta
array [1..k] of var O0..1: v2; % fixed value for \theta'
constraint increasing(F); % symmetry breaking

% constraint for implied satisfaction and betterment

% handling non-EC constraint
constraint formal (11n 1.k) (F[1] =3V F[I] !=1);

% common assignment elimination

constraint formal (11n 1..k, vin 0..1) (
vllk] I=vV v2[k] I=v

);

Generation CSP Model
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e EXperimental Results



Experimental Setup

 MiniZinc for modelling, Chuffed for solving;
 Two hours total timeout; One hour timeout for no-good generation;
* 6 benchmarks, 20 random instances for each configuration

* Existing: Knapsack, Disjunctively Constrained Knapsack, Concert
Hall Scheduling, Maximum Cut

 KnapsackSide: Knapsack with additional table constraints

 PCBoard: larger overhead of nogood generation
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Concluding Remarks

 Dominance breaking is powerful, but applying it is difficult.
 Automatic dominance breaking for a class of problems.
* |[nstead of free-form constraints, generate nogoods

 Some are not discovered by human (yet)

 Handle Non-EC constraints and Common Assignment Elimination
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Thanks for listening!




